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Lawrence Berkeley Laboratory, Berkeley CA 94720 USA Emittance growth rates have been previously analyzed for nonuniform beams in linear channels [1] and for initially uniform mismatched ~ams in nonlinear channels [2, 3] . These studies were for centered beams. Additional emittance growth can arise in cases where the beam is initially displaced [ 4] . The purpose of this study is to obtain growth rates for displaced beams.
This work differs from studies involving random displacement of electrodes [5] . Our analysis assumes instead that the focusing system is perfectly aligned but that the beam is initially displaced with respect to the equilibrium axis. If the focusing force is slightly nonlinear, we find a gradual transfer of the potential energy of beam displacement into kinetic energy associated with emittance growth.
We present explicit results for the emittance growth distance as a function of the nonlinearity of the channel. These results will have practical importance for designers of ({ccelerators and transport systems when setting realistic tolerances for initial beam alignment. These tolerances will depend on the nonlinearity and the length of the system.
I. INTRODUCTION
. Emittance growth in charged beams is caused by conversion of electrostatic energy into quasi-disordered transverse kinetic energy. The available electrostatic energy has two sources: the free self-field energy, and the free interaction energy between the beam particles and the focusing field. As previously shown by simulations [6] and analytically [1] , the self-field energy is released rapidly in one-quarter of a plasma period. The present report treats the much slower process in which interaction energy from beam displacement is converted into rms emittance growth.
We generalize our previous analysis [1] to include beam displacement and nonlinear focus-· ing. Section II gives the solution of the particle equation of motion. We show in section III that the center-of-mass oscillations are damped and derive the damping rate for conversion of potential energy of displacement into internal motion of the beam, i.e., into rms emittance growth.
For simplicity, we analyze the case of uniform sheet beams. Our conclusions (section IV) should also apply to moderately warm round beams; see discussion in Ref. [1] . As before [1, 2] we simplify our equations by treating a beam of nonrelativistic particles, all with mass m, charge e, and longitudinal velocity v; we assume transverse velocities << · v.
II. MOTION OF PARTICLES IN A DISPLACED OR MISMATCHED BEAM
If the initial sheet beam is asymmetric, displaced, and/or mismatched, there will generally be center-of mass oscillations and/or rms beam width oscillations. A small nonlinearity in the external field will slowly transfer the energy of these oscillations into emittance growth. An ion has the equation of motion in the presence of a cubic nonlinearity with parameter v:
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where x" = d2xfdz2, P = 41tNe2(rnv2, ko2 represents the external focusing force, q = Pfko
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The beam is assumed to be thin, i.e., koh << 1, and far from conducting plates. We will show that emittance grows on a distance scale-1/v, if the nonlinearity parameter vis small. Equations (1-3) apply to the general case of asymmetric warm beams; derivation and discussion will be published elsewhere. For simple analytic results, we specialize here to cold laminar beams. We will derive a condition for laminar motion to persist over the long emittancegrowth distance scale so that the last term in Eq. (1) 
With the notation o = ox/h, and the beam density n(x) assumed initially uniform, 
Eq. (7) can be solved to high accuracy by the Lindstedt-Poincare method if the initial beam displacement and mismatch are small. We define the small parameter, related to mismatch,
To first order in o, e, and v, the solution is
Phase Space Configurations for Displaced or Mismatched Beams.
Differentiating Eq. (10) with respect to z gives, to lowest order, which, together with Eq. (10), gives the (x,x') phase space configuration for any z < Zcrit· Particles in different regions oscillate at different frequencies and become increasingly out of step. The phase-space configuration becomes increasingly irregular, causing rms emittance growth. Figure 1 shows the degree of development of emittance irregularity after 16 plasma periods (i.e., kqz/21t = 16) for the displaced beam case. We will see in section ill that mqst of the emittance growth usually occurs for z < zcrit· ill. DAMPING RATE OF CENTER-OF-MASS MOTION FOR DISPLACED BEAM Equation (10) gives the motion of each beam particle. We get the center-of-mass motion by averaging over all the particles. Averages over density profiles are defined by 
where in the last expression we changed the integration variable from ~ to X and recalled that the initial density was assumed uniform for -1 :::;X:::;; 1. Applying Eq. Changing the integration variable once more gives the standard forms for Fresnel integrals (17)
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The Fresnel integrals C(\jl) and S(\jl) are discussed in Abramowitz and Stegun [7] . Equation (19) gives damping of center-of-mass oscillations due to the increasing denominator \jf, as illustrated in Fig. 2 . The oscillation energy is transferred into emittance growth at a rate determined by v. ...)12va
where we 9efine the nonnalized length a, equal to the number of cold-beam plasma periods
The ratio of the interaction energy to its initial value is Xav 2 !'6
2 ; this ratio takes on a small value at Zcrit; according to Eqs. (14) and (22). Therefore the energy is mostly transferred to emittance growth while the motion is laminar.
Damping length (emittance growth length) for center-of-mass oscillations:
Corresponding to 1/~ 12 va = 1/e, we·have ·the final result in tenns of plasma periods 0.6
a.growth = --;-·
Simulations of emittance vs. distance. [8] show saturation on the distance scale predicted by Eq. (23). The maximum emittance that can be attained is easily found by energy conservation, as was done previously for centered beams [2] . We have used Eq. (23) and assumed that it is reasonably accurate for round beams. For v =0.05, . the emittance growth occurs over about 75 cells. If the beam energy changes along the channel, one would use some sort of averaging to estimate the growth length.
Warm beams: As discussed in Ref. [8] , fluid motion is essentially unaffected by beam temperature if the tune depression a/a 0 < 1/rc...J3. In the present case, a good criterion is e 0 < 0.5e eg.
where e 0 and Eeg are the initial and final emittances. · Round beams: The physics of emittance growth has been found to· be quite similar for round beams and sheet beams [1] , although, of course, sheet beams are mathematically simpler. The source of emittance growth treated in this paper (free interaction energy) applies to both types of beams. and we expect the same damping mechanism to·prevail. The damping length calculated in this paper should provide reasonable estimates for either sheet beams or round beams. · ACKNOWLEDGMENTS I wish to thank W. S. Cooper and E. P. Lee for their support and their comments on this paper. This work was supported in part by U.S. DOE Contract DE-AC03-76SF00098. 
